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ABSTRACT
The general seven-dimensional maximal supergravity is presented. Its uni-
versal Lagrangian is described in terms of an embedding tensor which can
be characterized group-theoretically. The theory generically combines vector,
two-form and three-form tensor fields that transform into each other under
an intricate set of nonabelian gauge transformations. The embedding tensor
encodes the proper distribution of the degrees of freedom among these fields.
In addition to the kinetic terms the vector and tensor fields contribute to
the Lagrangian with a unique gauge invariant Chern-Simons term. This new
formulation encompasses all possible gaugings. Examples include the sphere
reductions of M theory and of the type IIA/IIB theories with gauge groups
SO(5), CSO(4, 1), and SO(4), respectively.
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1 Introduction
Over recent years it has emerged that the structures of supergravity theories with a
maximal number of supercharges are far richer than originally anticipated [1, 2, 3, 4].
Maximal supergravities are obtained as deformations (gaugings) of toroidally compact-
ified eleven-dimensional supergravity by coupling the initially abelian vector fields to
charges assigned to the elementary fields. Two features have proven universal in the
construction of these theories. First, in dimension D = 11− d it is the global symme-
try group G = Ed(d) of the toroidally compactified theory which not only organizes the
ungauged theory but also its possible deformations. The gaugings are parametrized
in terms of a constant embedding tensor Θ. When treating this embedding tensor as
a spurionic object that transforms under G, the Lagrangian and transformation rules
remain formally invariant under G. Consistency of the theory can then be encoded in
a number of representation constraints on Θ.
Second, the gaugings generically involve p-form tensor fields together with their
dual D − p − 2 forms. For the ungauged theory it is known that in order to exhibit
the full global symmetry group G all tensor fields have to be dualized into forms of
lowest possible rank — employing the on-shell duality between antisymmetric tensor
fields of rank p and of rank D − p − 2. In contrast, the generic gauging combines
p-form fields together with their duals which come in mutually conjugate G represen-
tations. The specific form of the embedding tensor in a particular gauging encodes
the proper distribution of the degrees of freedom among these fields. Together, this
gave rise to a universal formulation of the maximal supergravities in various space-time
dimensions [1, 2, 3, 4], capturing all possible supersymmetric deformations in a mani-
festly G-covariant way. Although most of this formalism has been established for the
global symmetry groups G = Ed(d) of the maximal supergravities the structures are not
restricted to maximal supersymmetry and similarly underlay the theories with lower
number of supercharges.
In this paper we realize this program for the maximal D = 7 case. The ungauged
maximal supergravity in seven dimensions possesses a global E4(4) = SL(5) symme-
try [5]. This theory is formulated entirely in terms of vector and two-form tensor
fields, transforming in the 10 and the 5 representation of SL(5), respectively. The first
gaugings in D = 7 were constructed in [6, 7] with semisimple gauge groups SO(5),
SO(4, 1), and SO(3, 2). Notably, the SO(5) theory corresponds to compactification of
D = 11 supergravity on the sphere S4. Instead of the two-forms these theories feature
five massive selfdual three-forms. Selfduality ensures that the three-forms carry the
same number of degrees of freedom as massless two-forms and thus the total number
of degrees of freedom is unchanged as required by supersymmetry [8]. Global SL(5)
invariance is manifestly broken in these theories. That this is not the full story can
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readily be deduced from the fact that for instance none of these gaugings describes the
maximal theories expected to descend from the ten-dimensional type IIA/IIB theories
by compactification on a three-sphere S3. Indeed, in [9] the bosonic part of a theory
with non-semisimple gauge group CSO(4, 0, 1) was constructed and shown to describe
the (warped) S3 compactification of type IIA supergravity. This theory combines a
single massless two-form with four massive selfdual three-forms, thus giving rise to yet
another distribution of the degrees of freedom. Other theories, such as the maximal
SO(4) gauging expected from the type IIB reduction with only two-form tensor fields
in the spectrum had not yet even been constructed. Different gaugings in seven dimen-
sions thus seem to appear with different field representations according to how many
of the two-form tensor fields have been dualized into three-form tensors. This circum-
stance together with the fact that every dualization appears to manifestly break the
global SL(5) symmetry of the ungauged theory, has hampered a systematic analysis of
the seven-dimensional gaugings.
The formalism we will adopt in this paper in contrast is flexible enough to comprise
all different gaugings in a single universal formulation. In accordance with the general
scheme explained above it employs vector fields and two-form tensor fields together
with three-form tensor fields transforming in the 5 representation of SL(5). Duality
between two-form and three-form tensor fields arises as an equation of motion from
the universal Lagrangian. The gauging is entirely parametrized by means of a constant
embedding tensor Θ which carries the structure of a 15+40 representation of SL(5) and
describes the embedding of the gauge group G0 into SL(5). When the embedding tensor
transforms according to this representation, the full Lagrangian and transformation
rules remain formally SL(5) invariant. Only after freezing the embedding tensor to a
constant, i.e. choosing a particular gauging, the global symmetry is broken down to
the gauge group G0 ⊂ SL(5).
The embedding tensor describes the minimal couplings of vectors to scalars while at
the same time its components in the 40 and the 15 representation are precisely tailored
such as to introduce additional Stu¨ckelberg type couplings between vector and two-form
tensors and between two-form and three-form tensors, respectively. Altogether, the
embedding tensor defines a set of nonabelian gauge transformations between vector and
tensor fields which ensures that the full system always describes 100 degrees of freedom
as required by maximal supersymmetry. The precise form of a given embedding tensor
determines which fields actually participate in the particular gauging and how the
degrees of freedom are distributed among them. As particular applications of this
universal formulation we recover the known seven-dimensional gaugings as well as a
number of new examples. In particular, we obtain the maximal theory with compact
gauge group SO(4) that is expected to describe the (warped) S3 reduction of type IIB
3
supergravity.
This paper is organized as follows. In section 2 we introduce the embedding ten-
sor for seven-dimensional maximal supergravity and discuss its SL(5) representation
constraints and their consequences. In particular, the embedding tensor parametrizes
the extension of the abelian vector/tensor system of the ungauged theory to a system
combining vector, two-form and three-form tensor fields and their nonabelian gauge
invariances. This is presented in section 3 together with the possible gauge invariant
couplings in seven dimensions, in particular a novel Chern-Simons type term involving
all these fields. In section 4 we discuss properties of the scalar coset space SL(5)/SO(5)
and define the so-called T -tensor which is naturally derived from the embedding tensor
and encodes the extra coupling of the scalars to the fermions that are added in the
process of gauging. The main results of this paper are presented in section 5 where we
give the universal seven-dimensional Lagrangian and the supersymmetry transforma-
tion rules, both parametrized in terms of the embedding tensor. Finally, in section 6
we illustrate the general formalism with a number of representative examples. Some
technical details of the computations are relegated to three appendices.
2 The embedding tensor
The global symmetry group of the ungauged seven-dimensional theory is E4(4) = SL(5).
Its 24 generators tMN are labeled by indices M,N = 1, . . . , 5 with t
M
M = 0 and satisfy
the algebra [
tMN , t
P
Q
]
= δPN t
M
Q − δMQ tPN . (2.1)
The (abelian) vector fields A
MN
µ = A
[MN ]
µ of the ungauged theory transform in the
representation 10 of SL(5), so that δA
MN
µ = 2ΛP
[M
A
N ]P
µ . The two-form tensor fields
Bµν M transform in the 5 representation.
A gauging is encoded in a real embedding tensor ΘMN,P
Q = Θ[MN ],P
Q which iden-
tifies the generators XMN = X[MN ] of the gauge group G0 among the SL(5) generators
according to
XMN = ΘMN,P
Q tPQ . (2.2)
It acts as a projector whose rank equals the dimension of the gauge group up to central
extensions. Covariant derivatives take the form
Dµ = ∇µ − gAMNµ ΘMN,PQ tPQ , (2.3)
where we have introduced the gauge coupling constant g. In our construction we will
treat the embedding tensor as a spurionic object that transforms under SL(5), so that
4
the Lagrangian and transformation rules remain formally SL(5) covariant. The em-
bedding tensor can then be characterized group-theoretically. When freezing ΘMN,P
Q
to a constant, the SL(5)-invariance is broken. It has emerged in the recent studies of
maximal supergravity theories that consistency of the gauging is typically encoded in
a set of representation constraints on the embedding tensor [1, 2, 3]: a quadratic one
ensuring closure of the gauge algebra and a linear constraint imposed by supersymme-
try. We start presenting the latter. A priori, the embedding tensor ΘMN,P
Q in seven
dimensions is assigned to the 10⊗24 representation of SL(5). Decomposing the tensor
product
10⊗ 24 = 10+ 15+ 40+ 175 , (2.4)
supersymmetry restricts the embedding tensor to the representations 15 + 40 [3, 4],
as we will explicitly see in the following. It can thus be parametrized by a symmetric
matrix YMN = Y(MN) and a tensor Z
MN,P = Z [MN ],P with Z [MN,P ] = 0 as
ΘMN,P
Q = δQ[M YN ]P − 2ǫMNPRS ZRS,Q . (2.5)
The gauge group generators (2.2) in the 5-representation then take the form
(XMN)P
Q = ΘMN,P
Q = δQ[M YN ]P − 2ǫMNPRS ZRS,Q . (2.6)
For the gauge group generators in the 10-representation (XMN)PQ
RS = 2(XMN)[P
[R
δ
S]
Q]
we note the relation
(XMN)PQ
RS + (XPQ)MN
RS = 2ZRS,T dT,[MN ][PQ] , (2.7)
where we have defined the SL(5) invariant tensor dT,[MN ][PQ] = ǫTMNPQ in accordance
with the general formulas of [4], see also appendix A. Furthermore, we note the identity
(XMN)P
Q + 2dP,[MN ][RS]Z
RS,Q = δQ[M YN ]P . (2.8)
In addition to the linear representation constraint whose explicit solution is given
by (2.5), a quadratic constraint needs to be imposed on the embedding tensor in order
to ensure closure of the gauge algebra. This amounts to imposing invariance of the
embedding tensor itself under the action of the gauge group:
(XMN)PQ
TU ΘTU,R
S + (XMN)R
T ΘPQ,T
S − (XMN)T S ΘPQ,RT = 0 . (2.9)
Using the explicit parametrization of (2.5) these equations reduce to the conditions
YMQ Z
QN,P + 2ǫMRSTU Z
RS,NZTU,P = 0 , (2.10)
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for the tensors YMN and Z
MN,P . In terms of SL(5) representations these quadratic
constraints have different irreducible parts in the 5, the 45, and the 70 representation.
In particular, they give rise to the relations
ZMN,P YPQ = 0 , Z
MN,P XMN = 0 , (2.11)
where in the second equation, XMN is taken in an arbitrary representation. In fact, the
second equation of (2.11) already carries the full content of the quadratic constraint.
Yet another (equivalent) version of writing the quadratic constraints (2.10) is[
XMN , XPQ
]
= −(XMN)PQRS XRS , (2.12)
for the generators XMN in an arbitrary representation. This shows the closure of
the gauge algebra. The (XMN)PQ
RS encode the structure constants of this algebra,
although by virtue of (2.7) and the second equation of (2.11) they are antisymmetric
only after contraction with the embedding tensor. Similarly, the Jacobi identities are
satisfied only up to extra terms that are proportional to ZMN,K and thus also vanish
under contraction with the embedding tensor. We will come back to this in the next
section.
Summarizing, a consistent gauging of the seven-dimensional theory is defined by
an embedding tensor ΘMN,P
Q satisfying a linear and a quadratic SL(5) representation
constraint which schematically read(
P10 + P175
)
Θ = 0 ,(
P5 + P45 + P70
)
ΘΘ = 0 . (2.13)
The first of these equations can be explicitly solved in terms of two tensors YMN
and ZMN,P leading to (2.5); the quadratic constraint then translates into the con-
ditions (2.10) on these tensors. In the rest of this paper we will demonstrate that
an embedding tensor Θ solving equations (2.13) defines a consistent gauging in seven
dimensions.
3 Vector and tensor gauge fields
We will for the gauged theory employ a formulation which apart from the vector fields
AMNµ contains the two-form tensors BµνM and the three-form tensor fields S
M
µνρ, the
latter transforming in the 5 of SL(5). The components of the embedding tensor ΘMN,P
Q
will project onto those fields that are actually involved in the gauging. In particular, the
three-form tensors SMµνρ appear always projected under YMN . The combined vector and
tensor gauge invariances together with a topological coupling of the three-form tensors
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will ensure that the number of physical degrees of freedom will remain independent of
the embedding tensor. The latter will only determine how the degrees of freedom are
distributed among the vector and the different tensor fields. In particular, at ΘMN,P
Q =
0 one recovers the ungauged theory of [5] which is exclusively formulated in terms of
vector and two-form tensor fields. The identities (2.10) and their consequences (2.11),
(2.12) prove essential for consistency of this construction.
Already in the previous section we have encountered the fact that the “structure
constants” (XMN)PQ
RS of the gauge algebra (2.12) are neither antisymmetric nor sat-
isfy the Jacobi identities. Both, antisymmetry and Jacobi identities are satisfied only
up to terms proportional to the tensor ZMN,P , i.e. up to terms that vanish upon con-
traction with the embedding tensor, cf. (2.11). As a consequence, the nonabelian field
strength of the vector fields
FMNµν = 2∂[µAMNν] + g(XPQ)RSMNAPQ[µ ARSν] , (3.1)
does not transform covariantly under the standard nonabelian vector gauge transfor-
mations δAMNµ = DµΛ
MN .1 Consistency requires the introduction of the modified field
strength
H(2)MNµν = FMNµν + gZMN,PBµνP , (3.2)
where the gauge transformation of the two-forms BµνM will be chosen such (cf. (3.8)
below) that H(2)MNµν transforms covariantly
δH(2)MNµν = −gΛPQ(XPQ)RSMN H(2)RSµν . (3.3)
Similarly, the fields strength of the two-form tensor fields BµνM is modified by a term
proportional to the three-form tensor fields [4]
H(3)µνρM = 3D[µBνρ]M + 6ǫMNPQRANP[µ
(
∂νA
QR
ρ] +
2
3
gXST,U
QARUν A
ST
ρ]
)
+ gYMNS
N
µνρ .
(3.4)
As g → 0 one recovers from this expression the abelian field strength 3∂[µBνρ]M +
6ǫMNPQRA
NP
[µ ∂νA
QR
ρ] of the ungauged theory [5]. Again, gauge transformations of the
three-forms SNµνρ will be chosen such (cf. (3.8) below) thatH(3)µνρM transforms covariantly
δH(3)µνρM = gΛNP (XNP )MQH(3)µνρQ . (3.5)
1Covariant derivatives here and in the following refer to the SL(5) index structure of the object
they act on, i.e.
DµΛ
MN = ∂µΛ
MN + gXPQ,RS
MNAPQµ Λ
RS ,
etc.
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To determine the proper transformation behavior of the tensor fields, we first note the
variation of the modified field strengths (3.2), (3.4) under arbitrary variations of the
vector and tensor fields:
δH(2)MNµν = 2D[µ (∆AMNν] ) + gZMN,P∆Bµν P ,
δH(3)µνρM = 3D[µ(∆Bνρ]M) + 6ǫMNPQRH(2)NP[µν ∆AQRρ] + gYMN∆SNµνρ , (3.6)
where here and in the following it proves useful to define the “covariant variations”
∆AMNµ ≡ δAMNµ ,
∆Bµν M ≡ δBµν M − 2ǫMNPQRANP[µ δAQRν] ,
YMN ∆S
N
µνρ ≡ YMN
(
δSNµνρ − 3B[µν P δAPNρ] + 2ǫPQRSTANP[µ AQRν δASTρ]
)
. (3.7)
In terms of these, we can now present the full set of vector and tensor gauge transfor-
mations:
∆AMNµ = DµΛ
MN − gZMN,PΞµP ,
∆Bµν M = 2D[µΞν]M − 2ǫMNPQRH(2)NPµν ΛQR − gYMNΦNµν ,
YMN ∆S
N
µνρ = YMN
(
3D[µΦ
N
νρ] − 3H(2)NP[µν Ξρ]P +H(3)µνρ PΛPN
)
, (3.8)
with gauge parameters ΛMN , ΞµM , and Φ
M
µν , corresponding to vector and tensor gauge
transformations, respectively. Indeed, one verifies with (3.6), (3.7) that the transforma-
tions (3.8) induce the proper covariant transformation behavior of the modified fields
strengths (3.3), (3.5). The quadratic identities (2.11) play a crucial role in this deriva-
tion.2 As g → 0 one recovers from (3.8) the vector and tensor gauge transformations of
the ungauged theory [5]. Switching on the gauging induces a covariantization ∂ → D,
2∂A → H, etc. of the formulas together with the shifts gZMN,PΞµP and gYMNΦNµν in
the transformation laws of the vector and tensor fields, respectively. It is a nontrivial
check of consistency that all the unwanted terms in the variation can precisely be ab-
sorbed by such shifts proportional to the components of the embedding tensor (2.5).
This action of the tensor gauge transformations eventually allows to eliminate some
of the vector and tensor gauge fields by fixing part of the gauge symmetry. We will
discuss this in more detail in section 6.1.
It is straightforward to verify that the gauge transformations (3.8) consistently close
2The gauge transformations (3.8) differ from the general formulas derived in [4] by a redefinition
of the tensor gauge parameters which strongly simplifies the expressions and in particular allows to
cast them into the covariant form (3.7), (3.8). We give the explicit translation in appendix A.
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into the algebra
[δΛ1 , δΛ2] = δΛ˜ + δΞ˜ + δΦ˜
[δΞ1 , δΞ2 ] = δΦ , (3.9)
with
Λ˜MN = gXPQ,RS
MNΛPQ[1 Λ
RS
2] ,
Ξ˜µM = ǫMNPQR
(
ΛNP1 DµΛ
QR
2 − ΛNP2 DµΛQR1
)
,
Φ˜Mµν = −2ǫNPQRSH(2)RSµν ΛMN[1 ΛPQ2] ,
ΦMµν = gZ
M(N,P )
(
Ξ1 µNΞ2 νP − Ξ2µNΞ1 νP
)
,
with all other transformations commuting.
Let us further note that the modified field strengths (3.2), (3.4) satisfy the following
deformed Bianchi identities:
D[µH(2)MNνρ] =
1
3
gZMN,PH(3)µνρP ,
D[µH(3)νρλ]M =
3
2
ǫMNPQRH(2)NP[µν H(2)QRρλ] +
1
4
gYMN H(4)Nµνρλ , (3.10)
which will be important in the following. The last term on the r.h.s. of D[µH(3)νρλ]M is
the covariant field strength of the three-forms, defined as
YMN H(4)Nµνρλ = YMN
(
4D[µ S
N
νρλ] + 6FNP[µν Bρλ]P + 3gZNP,QB[µν PBρλ]Q
+ 8ǫPQRSTA
NP
[µ A
QR
ν ∂ρA
ST
λ] + 4gǫPQRVWXST,U
VANP[µ A
QR
ν A
ST
ρ A
UW
λ]
)
,
(3.11)
such that it transforms covariantly under gauge transformations. As the three-form
tensors will appear only under the projection with YMN , it is sufficient to only define
their field strength under that same projection.
A natural question concerns the possible gauge invariant couplings of the vector
and tensor fields in the Lagrangian. Due to the covariant transformations (3.3), (3.5)
it is obvious that gauge invariant couplings can be obtained by properly contracting
the modified field strengths (3.2), (3.4). E.g. the gauge invariant kinetic term for the
two-form tensor fields is given by
L ∝ MMN H(3)µνρM H(3)µνρ N , (3.12)
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where the metric MMN is a function of the scalar fields (explicitly defined in (5.22)
below) that transforms covariantly under gauge transformations
δMMN = −2gΛPQ(XPQ)R(MMN)R . (3.13)
Similarly, the gauge invariant kinetic term for the vector fields is given as
L ∝ MMP MNQH(2)MNµν H(2)µν PQ , (3.14)
withMMPMPN = δNM . In addition to these terms, there is a single unique topological
term in seven dimensions that combines vector and tensor fields in such a way that it
is invariant under the full set of nonabelian vector and tensor gauge transformations
(3.8) up to total derivatives. It is given by
LVT =− 1
9
ǫµνρλστκ[
gYMNS
M
µνρ
(
DλS
N
στκ +
3
2
gZNP,QBλσ PBτκQ + 3FNPλσ Bτκ P
+ 4ǫPQRSTA
NP
λ A
QR
σ ∂τA
ST
κ + gǫPQRWXXST,UV
WXANPλ A
QR
σ A
ST
τ A
UV
κ
)
+ 3gZMN,P (DµBνρM)Bλσ NBτκP − 9
2
FMNµν BρλMDσBτκN
+ 18ǫMNPQRFMVµν ANPρ
(
∂λA
QR
σ +
2
3
gXST,U
QARUλ A
ST
σ
)
Bτκ V
+ 9gǫMNPQRZ
MV,WANPµ
(
∂νA
QR
ρ +
2
3
gXST,U
QARUν A
ST
ρ
)
Bλσ VBτκW
+
36
5
ǫMPQTU ǫNRSVWA
MN
µ A
PQ
ν A
RS
ρ (∂λA
TU
σ )(∂τA
VW
κ )
+ 8gǫMPQRS ǫNTUZAXVW,XY
ZAAMNµ A
PQ
ν A
TU
ρ A
VW
λ A
XY
σ ∂τA
RS
κ
− 4
7
g2ǫMPQBC ǫNVWDEXRS,TU
BCXXY,ZA
DEAMNµ A
PQ
ν A
RS
ρ A
TU
λ A
VW
σ A
XY
τ A
ZA
κ
]
.
(3.15)
As g → 0 this topological term reduces to the SL(5) invariant Chern-Simons term of
the ungauged theory [5]. Upon switching on the gauging, gauge invariance under the
extended nonabelian transformations (3.8) requires an extension of this Chern-Simons
term which in particular includes a first order kinetic term for the three-form tensor
fields SMµνρ. Again these tensor fields appear only under projection with the tensor YMN .
Under variation of the vector and tensor fields, the vector-tensor Lagrangian (3.15)
transforms as
δLVT =− 1
18
ǫµνρλστκ
[
YMN H(4)Mµνρλ ∆SNστκ + 6H(2)MNµν H(3)ρλσM ∆BτκN
− 2H(3)µνρMH(3)λστN ∆AMNκ
]
+ total derivatives , (3.16)
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in terms of the “covariant variations” (3.7). With (3.8) one explicitly verifies that this
variation reduces to a total derivative. To show this one needs the deformed Bianchi
identities (3.10) as well as the SL(5) relation
R
[MN
1 R
PQ
2 R
R]S
3 +R
[MN
2 R
PQ
3 R
R]S
1 +R
[MN
3 R
PQ
1 R
R]S
2 = 0 , (3.17)
for arbitrary tensors RMN1,2,3 = R
[MN ]
1,2,3 .
3
4 Coset space structure and the T -tensor
In this section we introduce the scalar sector of maximal seven-dimensional supergrav-
ity, which is described in terms of the scalar coset space SL(5)/SO(5). This allows to
manifestly realize the global SL(5) symmetry of the ungauged theory while the local
SO(5) ∼ USp(4) symmetry coincides with the R-symmetry of the theory. For the
gauged theory we further introduce the T -tensor as the USp(4) covariant analog of
the embedding tensor Θ. This tensor will be of importance later since its irreducible
components naturally couple to the fermions, all of which come in representations of
the R-symmetry group.
4.1 The SL(5)/SO(5) coset space
The scalar fields in seven dimensions parametrize the coset space SL(5)/SO(5). They
are most conveniently described by a matrix V ∈ SL(5) which transforms according to
V → GV H(x) G ∈ SL(5), H(x) ∈ SO(5) , (4.1)
under global SL(5) and local SO(5) transformations, respectively (see [10] for an in-
troduction to the coset space structures in supergravity theories). The local SO(5)
symmetry reflects the coset space structure of the scalar target space, the correspond-
ing connection is a composite field. One can impose a gauge condition with respect to
the local SO(5) invariance which amounts to fixing a coset representative, i.e. a mini-
mal parametrization of the coset space in terms of the 14 = 24 − 10 physical scalars.
This induces a nonlinear realization of the global SL(5) symmetry obscuring the group
theoretical structure and complicating the calculations. It is therefore most convenient
to postpone this gauge fixing till the end.
In particular, the formulation (4.1) is indispensable to describe the coupling to
fermions with the group SO(5) ∼ USp(4) acting as the R-symmetry group of the theory.
3In terms of representations, this is the statement that the threefold symmetric product of three
10 representations of SL(5) does not contain a 5.
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For USp(4) we use indices a, b, . . . = 1, . . . , 4 to label its fundamental representation.
The USp(4) invariant symplectic form Ωab has the properties
Ωab = Ω[ab] (Ωab)
∗ = Ωab ΩabΩ
cb = δca . (4.2)
The lowest “bosonic” USp(4) representations are defined in terms of the fundamental
representation ( ) with index structures according to
1 : · V1
5 : V5
ab = V5
[ab] , ΩabV5
ab = 0 ,
10 : V10
ab = V10
(ab) ,
14 : V14
ab
cd = V14
[ab]
[cd] , V14
ab
cb = 0 , ΩabV14
ab
cd = 0 = Ω
cdV14
ab
cd ,
35 : V35
ab
cd = V35
[ab]
(cd) , V35
ab
cb = 0 , ΩabV35
ab
cd = 0 . (4.3)
All objects in these representations are pseudoreal, i.e. they satisfy reality constraints
(V1)
∗ = V1 , (V5
ab)∗ = ΩacΩbdV5
cd , (V14
ab
cd)
∗ = ΩaeΩbfΩ
cgΩdh V14
ef
gh , (4.4)
etc. We use complex conjugation to raise and lower USp(4) indices. According to
(4.4) pseudoreal objects are defined such that their indices are equivalently raised and
lowered using Ωab and Ω
ab.
Under its subalgebra usp(4) the algebra sl(5) splits as 24 → 10 + 14 into its
compact and noncompact part, respectively. The elements L = LM
N tMN accordingly
decompose as
Lab
cd = 2Λ[a
[c
δ
d]
b] + Σ
cd
ab . (4.5)
The SL(5) vector indicesM are now represented as antisymmetric, symplectic traceless
index pairs [ab] of USp(4). In accordance with (4.3), Λ and Σ satisfy Λ[a
cΩb]c = 0,
Σabcb = 0, Σ
ab
cdΩ
cd = 0 = Ωab Σ
ab
cd. Note that this in particular implies the relation
ΩaeΩbfΣ
ef
cd = ΩceΩdfΣ
ef
ab , (4.6)
i.e. viewed as a 5 × 5 matrix Σ is symmetric. In the split (4.5), the commutator (2.1)
between two elements L1 = (Λ1,Σ1), L2 = (Λ2,Σ2) takes the form
[L1, L2] = L , (4.7)
with L = (Λ,Σ) according to
Λa
b = Σ1
de
ac Σ2
bc
de − Σ2deac Σ1bcde + Λ1 ac Λ2 cb − Λ2 ac Λ1 cb ,
Σcdab = − 2Σ1e[cab Λ2 ed] + 2Σ1cde[aΛ2 b]e + 2Σ2e[cab Λ1 ed] − 2Σ2cde[a Λ1 b]e . (4.8)
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The scalars of the supergravity multiplet parametrize the coset space SL(5)/SO(5).
They are described by an SL(5) valued matrix VMab = VM [ab] with VMabΩab = 0.
Infinitesimally, the transformations (4.1) take the form
δVMab = LMNVNab + 2VMc[aΛcb](x) , L ∈ sl(5) , Λ(x) ∈ usp(4) . (4.9)
The gauged theory is formally invariant under SL(5) transformations only if the em-
bedding tensor (2.2) is treated as a spurionic object that simultaneously transforms
under SL(5). Once Θ is frozen to a constant, the theory remains invariant under local
G0 × USp(4) transformations
δVMab = gΛPQ(x)XPQ,MN VNab + 2VMc[aΛcb](x) , (4.10)
parametrized by matrices ΛMN(x) and Λa
b(x), respectively.
The inverse of VMab is denoted by VabM , i.e.
VMabVabN = δNM , VabMVMcd = δcdab −
1
4
ΩabΩ
cd . (4.11)
Later on we need to consider the variation of V, for example in order to derive field
equations from the Lagrangian or to minimize the scalar potential. Since V is a group
element, an arbitrary variation can be expressed as a right multiplication with an
algebra element of SL(5)
δVMab = VMcdLcdab(x) = VMcdΣabcd(x)− 2VMc[aΛcb](x) .
Since the last term simply describes a USp(4) gauge transformation which leaves the
Lagrangian invariant it will be sufficient to consider general variations of the type
δΣVMab = VMcdΣabcd(x) . (4.12)
The 14 parameters of Σ correspond to variation along the manifold SL(5)/SO(5).
Finally, we introduce the scalar currents Pµ and Qµ that describe the gauge covari-
ant space-time derivative of the scalar fields. Taking values in the Lie algebra sl(5)
they are defined as
VabM
(
∂µVMcd − gAPQµ XPQ,MNVNcd
) ≡ Pµabcd + 2Qµ [a[cδd]b] , (4.13)
in accordance with the split (4.5). The transformation behavior of these currents is
derived directly from (4.10) and shows that they are invariant under local G0 transfor-
mations. Under local USp(4) transformations (4.9), Pµab
cd transforms in the 14, while
Qµa
b transforms like a USp(4) gauge connection
δQµ a
b = DµΛa
b = ∇µΛab +QµacΛca −Qµ cbΛac . (4.14)
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Thus Qµ takes the role of a composite gauge field for the local USp(4) symmetry and as
such it appears in the covariant derivatives of all objects that transform under USp(4),
for example
Dµψ
a = ∇µψa −Qµ baψb
DµPν ab
cd = ∇µPν abcd + 2Qµ e[cPν abd]e − 2Qµ [aePνb]ecd
DµVMab = ∇µVMab + 2Qµ c[aVb]cM − gAPQµ XPQMNVNab = VMcd Pµ cdab , (4.15)
where ψa is an arbitrary object in the fundamental representation of USp(4).
4.2 The T -tensor
All bosonic fields of the theory come in representations of SL(5) while all fermionic
fields come in representations of USp(4). The object mediating between them is the
scalar matrix VMab. E.g. it is convenient to define the USp(4) covariant field strengths
H(2)abµν ≡
√
2Ωcd VMacVNbdH(2)MNµν , H(3)µνρ ab ≡ VabM H(3)µνρM , (4.16)
which naturally couple to the fermion fields. More generally, the scalar matrix VMab
maps tensors RM and S
M in the SL(5) representations 5 and 5, respectively, into
(scalar field dependent) tensors R[ab], S
[ab] in the 5 of USp(4) as
R[ab] = VabMRM , S [ab] = VMab SM . (4.17)
Similarly, tensors RMN , S
MN in the SL(5) representations 10 and 10, respectively, give
rise to (scalar field dependent) tensors R(ab), S
(ab) in the 10 of USp(4) as follows
Rab =
√
2Ωcd VacMVbdN RMN ⇔ RMN = −
√
2VMabVNcd δe[aΩb][cδfd]Ref ,
Sab =
√
2ΩcdVMacVNbdSMN ⇔ SMN = −
√
2VabMVcdN δ[ae Ωb][cδd]f Sef , (4.18)
where the normalization is chosen such that RabS
ab = RMNS
MN .
Applying the analogous map to the embedding tensor ΘMN,P
Q (2.5) leads to the
T -tensor [2]
T(ef) [ab]
[cd] ≡
√
2VMegVNfh Ωgh VP abΘMN,PQ VQcd
=
√
2Ω
h[c
δ
d]
(e VMf)h VNab YMN
− 2
√
2 ǫMNPQRZ
PQ,S VMegVNfh VRab VScdΩgh . (4.19)
We shall see in the next section, that this tensor encodes the fermionic mass matrices
as well as the scalar potential of the Lagrangian. This has first been observed for the
T -tensor in the maximal D = 4 supergravity [11].
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Recall that the components YMN and Z
MN,P of Θ transform in the 15 and the 40
of SL(5), respectively. Under USp(4) they decompose as
15+ 40 → (1+ 14) + (5 + 35) . (4.20)
Accordingly, the T -tensor can be decomposed into its four USp(4) irreducible com-
ponents that we denote by B, B[ab][cd], C[ab], and C
[ab]
(cd), respectively, with index
structures according to (4.3). This yields
T(ef) ab
cd = 1
2
BΩa(e δ
[c
f)δ
d]
b − 12B Ωb(e δ[cf)δd]a + δ[c(e Ωf)g Bd]gab
+ 1
2
Ca(e δ
[c
f)δ
d]
b − 12 Cb(e δ[cf)δd]a − 18ΩcdCa(e Ωf)b + 18ΩcdCb(e Ωf)a
+ 1
4
Ωab Cg(e δ
[c
f) Ω
d]g
+ 1
2
Ωe[aC
cd
b]f +
1
2
Ωf [aC
cd
b]e +
1
4
Ωab C
cd
ef . (4.21)
In appendices B, C we present a more systematic account to these decompositions in
terms of USp(4) projection operators which simplify the calculations. In particular,
the parametrization (4.21) takes the compact form (C.1).
For the components YMN and Z
MN,P the parametrization (4.21) yields explicitly
YMN = VMabVNcd Yab,cd , ZMN,P =
√
2VabMVcdNVefPΩbdZ(ac)[ef ] ,
with Yab,cd =
1√
2
[
(ΩacΩbd − 14ΩabΩcd)B + ΩaeΩbfB[ef ][cd]
]
,
Z(ab)[cd] =
1
16
Ωa[cCd]b +
1
16
Ωb[cCd]a − 1
8
ΩaeΩbfCcdef ,
(4.22)
where Cab = ΩacΩbdCcd. Note that Θ and thus YMN and Z
MN,P are constant matrices.
In contrast, the T -tensor and thus the tensors B, C are functions of the scalar fields.
It is useful to give also the inverse relations
B =
√
2
5
ΩacΩbdYab,cd ,
Babcd =
√
2
[
ΩaeΩbfδghcd − 15
(
δabcd − 14ΩabΩcd
)
ΩegΩfh
]
Yef,gh ,
Cab = 8ΩcdZ
(ac)[bd] ,
Cabcd = 8
(−ΩceΩdfδabgh + Ωg(cδabd)eΩfh)Z(ef)[gh] . (4.23)
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Under the variation (4.12) of the scalar fields, these tensors transform as
δΣB = −25 ΣabcdBcdab ,
δΣB
ab
cd = −2BΣabcd − ΣabghBghcd − ΣghcdBabgh + 25(δabcd − 14ΩabΩcd)Σef ghBghef ,
δΣ C
ab = 1
2
ΣabcdC
cd + 2Ωe[aΣb]f cdC
cd
ef ,
δΣ C
ab
cd = 4Ω
g[aΣb]hg(c Cd)h + Ω
g[a
δ
b]
(c Σ
kh
d)g Ckh + Ω
gk δ
[a
(c Σ
b]h
d)g Ckh
+ Σabgh C
gh
cd + Σ
k[a
gh δ
b]
(c C
gh
d)k
+ 4Σkml(cΩd)k Ω
n[aCb]lmn − δ[a(c Ωd)k Ωb]n Σkmlg Cglmn . (4.24)
These variations will be relevant in the next section, since in the Lagrangian the tensors
B, C appear in the fermionic mass matrices and in the scalar potential. Furthermore,
one derives from (4.24) the expressions for the USp(4) covariant derivatives of these
tensors
DµB = −25 Pµ cdabBcdab ,
DµB
ab
cd = −2BPµ cdab − Pµ ghabBghcd − Pµ cdghBabgh + 25(δabcd − 14ΩabΩcd)Pµ ghefBghef ,
DµC
ab = 1
2
Pµ cd
abAcd + 2Ωe[aPµ cd
b]fCcdef ,
DµC
ab
cd = 4Ω
g[a Pµ g(c
b]hCd)h + Ω
g[a
δ
b]
(c Pµd)g
khCkh + Ω
gk δ
[a
(c Pµd)g
b]hCkh
+ Pµ gh
abCghcd + Pµ gh
k[aδ
b]
(c C
gh
d)k
+ 4Pµ l(c
kmΩd)k Ω
n[aCb]lmn − δ[a(c Ωd)k Ωb]n Pµ lgkmCglmn . (4.25)
Since the T -tensor (4.19) is obtained by a finite SL(5)-transformation from the embed-
ding tensor (2.5), the SL(5)-covariant quadratic constraints (2.10) directly translate
into quadratic relations among the tensors B, C. E.g. the first equation of (2.11) gives
rise to
Z(ab)[ef ]
[
ΩceΩdf B + ΩegΩfhB
[gh]
[cd]
]
= 0 , (4.26)
while the second equation yields
Z(ab)[cd] T(ab) ef
gh = 0 . (4.27)
These equations can be further expanded into explicit quadratic relations among the
tensors B, C. We give the explicit formulas in terms of USp(4) projectors in ap-
pendix C. They are crucial to verify the invariance of the Lagrangian (5.16) presented
in the next section.
Let us close this section by noting that the T -tensor (4.19) naturally appears in
the deformation of the Cartan-Maurer equations induced by the gauging. Namely, the
16
definition of the currents Pµ and Qµ (4.13) together with the algebra structure (4.8)
gives rise to the following integrability relations
2∂[µQν]a
b + 2Qa[µ
cQν]c
b = −2Pac[µdePν]debc − gH(2) cdµν T(cd)[ae][be] , (4.28)
D[µPν]ab
cd = − 1
4
gH(2) efµν
(
T(ef)[ab]
[cd] + ΩcgΩdhΩaiΩbj T(ef)[gh]
[ij]
)
.
The terms in order g occur proportional to the T -tensor. They will play an important
role in the check of supersymmetry of the Lagrangian that we present in the next sec-
tion. The fact that these equations appear manifestly covariant with the full modified
field strength H(2) cdµν on the r.h.s. is a consequence of the quadratic constraint (4.27).
5 Lagrangian and supersymmetry
In this section we present the main results of this paper. After establishing our spinor
conventions, we derive the supersymmetry transformations of the seven-dimensional
theory by requiring closure of the supersymmetry algebra into the generalized vec-
tor/tensor gauge transformations introduced in section 3. We then present the univer-
sal Lagrangian of the maximal seven-dimensional theory which is completely encoded
in the embedding tensor Θ.
5.1 Spinor conventions
Seven-dimensional world and tangent-space indices are denoted by µ, ν, . . . andm,n, . . .,
respectively, and take the values 1, 2, . . . , 7. Our conventions for the Γ-matrices in seven
dimensions are
{Γm,Γn} = 2ηmn (Γm)† = Γm , (Γm)T = −CΓmC−1 (5.1)
with metric of signature η = diag(−1, 1, 1, 1, 1, 1, 1) and the charge conjugation matrix
C obeying
C = CT = −C−1 = −C† . (5.2)
We use symplectic Majorana spinors, i.e. spinors carry a fermionic representation of
the R-symmetry group USp(4) and for instance a spinor ψa (a = 1, . . . , 4) in the
fundamental representation of USp(4) satisfies a reality constraint of the form
ψ¯Ta = ΩabC ψ
b , (5.3)
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fields eµ
m ψaµ A
MN
µ Bµν M χ
abc VMab
little group SO(5) 14 16 5 10 4 1
R-symmetry USp(4) 1 4 1 1 16 5
global SL(5) 1 1 10 5 1 5
# degrees of freedom 14 64 50 50 64 14
Table 1: The ungauged D = 7 maximal supermultiplet.
where ψ¯ ≡ ψ†Γ0. The following formula is useful as it captures the symmetry property
of spinor products4
φ¯aΓ
(k)ψb = ΩacΩ
bdψ¯d(C
−1)T (Γ(k))TCφc = (−1) 12k(k+1)ΩacΩbdψ¯dΓ(k)φc . (5.4)
Products of symplectic Majorana spinors yield real tensors
φ¯aψ
a φ¯aΓ
µψa φ¯aΓ
µνψa φ¯aΓ
µνρψa etc. (5.5)
Finally, the epsilon tensor is defined by
eΓµνρστκλ ≡ 1 ǫµνρστκλ . (5.6)
5.2 Supersymmetry transformations and algebra
The field content of the ungauged maximal supergravity multiplet in seven dimensions
is given by the vielbein eµ
m, the gravitino ψaµ, vector fields A
MN
µ , two-form fields BM µν ,
matter fermions χabc, and scalar fields parametrizing VMab. Their on-shell degrees of
freedom are summarized in Table 1. Note the symmetry in the distribution of degrees
of freedom due to the accidental coincidence of the R-symmetry group USp(4) and the
little group SO(5).
Under the R-symmetry group USp(4) the gravitinos ψaµ transform in the fundamen-
tal representation 4 while the matter spinors χabc transform in the 16 representation,
i.e.
χabc = χ[ab]c , Ωabχ
abc = 0 , χ[abc] = 0 . (5.7)
All spinors are symplectic Majorana, that is they satisfy
χ¯Tabc = ΩadΩbeΩcfCχ
def , ψ¯Tµa = ΩabCψ
b
µ , (5.8)
in accordance with (5.3).
4Note that our conventions differ from those of [5] in that they use φa = Ωabφ
b, while in our
conventions raising and lowering of indices is effected by complex conjugation φa = (φ
a)∗.
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We are now in position to derive the supersymmetry transformations. Parametriz-
ing them by ǫa = ǫa(x) the final result takes the form
δeµ
m =
1
2
ǫ¯aΓ
mψaµ ,
δVMab = 1
4
VMcd
(
Ωe[cǫ¯d]χ
abe +
1
4
Ωcdǫ¯eχ
abe + ΩceΩdf ǫ¯gχ
ef [aΩb]g +
1
4
ΩceΩdfΩ
abǫ¯gχ
efg
)
,
∆AMNµ = −Vab[MVcdN ]Ωbd
(1
2
Ωaeǫ¯eψ
c
µ +
1
4
ǫ¯eΓµχ
eac
)
,
∆Bµν M = VMab
(
− Ωacǫ¯bΓ[µψcν] +
1
8
ΩacΩbdǫ¯eΓµνχ
cde
)
,
∆SMµνρ = VabM
(
− 3
8
Ωacǫ¯cΓ[µνψ
b
ρ] −
1
32
ǫ¯eΓµνρχ
abe
)
,
δψaµ = Dµǫ
a − 1
5
√
2
H(2)(ab)νρ Ωbc
(
Γνρµ + 8Γ
νδρµ
)
ǫc
− 1
15
H(3)νρλ[bc]Ωab
(
Γνρλµ +
9
2
Γνρδλµ
)
ǫc − gΓµAab1 Ωbcǫc ,
δχabc = 2ΩcdPµde
abΓµǫe −
√
2
(
H(2)c[aµν Γµνǫb] −
1
5
(Ωabδcg − Ωc[aδb]g ) ΩdeH(2)gdµν Γµνǫe
)
− 1
6
(
ΩadΩbeH(3)µνρ[de]Γµνρǫc −
1
5
(ΩabΩcf + 4Ωc[aΩb]f)H(3)µνρ[fe]Γµνρǫe
)
+ gAd,abc2 Ωdeǫ
e , (5.9)
up to higher order fermion terms. We have given the result in terms of the covariant
variations ∆(ǫ) of the vector and tensor fields introduced in (3.7), from which the bare
transformations δ(ǫ) are readily deduced. In the limit g → 0 the above supersymmetry
transformations reduce to those of the ungauged theory [5]. Upon switching on the
gauging, the formulas are covariantized and the fermion transformations are modified
by the fermion shift matrices A1 and A2 defined by
Aab1 ≡ −
1
4
√
2
(1
4
BΩab +
1
5
Cab
)
,
Ad,abc2 ≡
1
2
√
2
[
ΩecΩfd (Cabef − Babef) + 1
4
(
CabΩcd +
1
5
ΩabCcd +
4
5
Ωc[aCb]d
)]
,
(5.10)
in terms of the components of the T -tensor (4.21). These will further enter the fermionic
mass matrices and the scalar potential of the full Lagrangian (5.16) below. The coef-
ficients in (5.9) are uniquely fixed by requiring the closure of the supersymmetry alge-
bra into diffeomorphisms, local Lorentz and USp(4)-transformations, and vector/tensor
gauge transformations (3.8). In particular, the fermion shifts (5.10) are uniquely deter-
mined such that the commutator of two supersymmetry transformations reproduces the
19
correct order g shift terms in the resulting vector/tensor gauge transformations (3.8).
Specifically, one finds for the commutator of two supersymmetry transformations
[δ(ǫ1), δ(ǫ2)] = ξ
µDµ + δLorentz (ǫ
mn) + δUSp(4)
(
κa
b
)
+ δgauge
(
ΛMN ,ΞMµ,Φ
M
µν
)
. (5.11)
Here, we denote by ξµDµ a covariant general coordinate transformation with parameter
ξµ, i.e.
ξµDµ = Lξ + δLorentz (ǫˆ mn) + δUSp(4)
(
κˆa
b
)
+ δgauge
(
ΛˆMN , ΞˆMµ, Φˆ
M
µν
)
, (5.12)
with the induced parameters
ǫˆ mn = −ξµωµmn ,
κˆa
b = −ξµQµab ,
ΛˆMN = −ξµAMNµ ,
ΞˆMµ = −ξνBM νµ − ǫMNPQRξνANPν AQRµ ,
ΦˆMµν = −ξρSMρµν − ξρAMNρ Bµν N −
2
3
ǫNPQRS ξ
ρANPρ A
MQ
[µ A
RS
ν] . (5.13)
In addition to these transformations the right hand side of (5.11) consists of general
coordinate, Lorentz, USp(4), and vector/tensor gauge transformations with parameters
given by
ξµ =
1
2
ǫ¯2aΓ
µǫa1 ,
ǫmn = − 1
5
√
2
H(2)(ab)pq Ωbcǫ¯2a (Γmnpq + 8ηmpηnq) ǫc1 +
g
20
√
2
AabΩbcǫ¯2aΓ
mnǫc1
+
1
15
H(3)pqr[ab]Ωbcǫ¯2c (Γmnpqr + 9ηmpηnqΓr) ǫa1 −
g
16
√
2
Dǫ¯2aΓ
mnǫa1 ,
κa
b =
1
4
ΛdeT(de)[ac]
[bc] ,
ΛMN =
√
2VabMVcdNΩbdΛac , with Λab = 1
2
√
2
Ωc(aǫ¯2cǫ
b)
1 ,
ΞMµ =
1
2
VMabǫ¯2aΓµǫc1Ωcb ,
ΦMµν = −
1
8
VabMΩacǫ¯2cΓµνǫb1 . (5.14)
To this order in the fermion fields the fermionic field equations are not yet required for
verifying the closure (5.11) of the algebra. Closure on the three-form tensor fields SMµνρ
however makes use of the (projected) duality equation
e−1 ǫµνρλστκYMNH(4)Nλστκ = 6 YMN ΩacΩbd VabNH(3)cd µνρ + fermionic terms , (5.15)
between two- and three form tensor fields. From (3.6), (3.12) and (3.16) one may
already anticipate that this equation will arise as a first order equation of motion from
the full Lagrangian upon varying w.r.t. the SMµνρ. We will confirm this in the next
section. Note that also this duality equation appears only under projection with YMN .
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5.3 The universal Lagrangian
We can now present the universal Lagrangian of gauged maximal supergravity in seven
dimensions up to higher order fermion terms:
e−1L =− 1
2
R− ΩacΩbdH(2)abµν H(2)cdµν −
1
6
ΩacΩbdH(3)µνρ abH(3)µνρcd −
1
2
Pµab
cdP µcd
ab
− 1
2
ψ¯µaΓ
µνρDνψ
a
ρ −
1
8
χ¯abc /Dχ
abc − 1
2
Pµab
cdΩceψ¯νdΓ
µΓνχabe
+
√
2
4
H(2)abµν
(
− ψ¯ρaΓ[ρΓµνΓλ]ψλcΩcb + ψ¯ρcΓµνΓρχcdeΩadΩbe +
1
2
χ¯acdΓ
µνχedcΩeb
)
+
1
12
H(3)abµνρ
(
− Ωacψ¯λc Γ[λΓµνρΓσ]ψσb +
1
2
ψ¯λcΓ
µνρΓλχabc +
1
4
Ωaeχ¯cdeΓ
µνρχcdb
)
− 5
2
gAab1 Ωbcψ¯µaΓ
µνψcν +
1
4
gAd,abc2 Ωdeχ¯abcΓ
µψeµ
+
g
4
√
2
( 3
32
δbdδ
c
eB +
1
8
δbdΩefC
fc +Bbcde − Cbcde
)
χ¯abc χ
ade
+
g2
128
(
15B2 + 2CabCab − 2BabcdBcdab − 2C [ab](cd)C[ab](cd)
)
+ e−1LVT , (5.16)
with the tensors A1, A2 from (5.10) and the topological vector-tensor Lagrangian from
(3.15):
LVT = −1
9
ǫµνρλστκ ×
×
[
gYMNS
M
µνρ
(
DλS
N
στκ +
3
2
gZNP,QBλσ PBτκQ + 3FNPλσ BτκP
+ 4ǫPQRSTA
NP
λ A
QR
σ ∂τA
ST
κ + gǫPQRWXXST,UV
WXANPλ A
QR
σ A
ST
τ A
UV
κ
)
+ 3gZMN,P (DµBνρM)BλσNBτκP − 9
2
FMNµν BρλMDσBτκN
+ 18ǫMNPQRFMVµν ANPρ
(
∂λA
QR
σ +
2
3
gXST,U
QARUλ A
ST
σ
)
Bτκ V
+ 9gǫMNPQRZ
MV,WANPµ
(
∂νA
QR
ρ +
2
3
gXST,U
QARUν A
ST
ρ
)
Bλσ VBτκW
+
36
5
ǫMPQTU ǫNRSVWA
MN
µ A
PQ
ν A
RS
ρ (∂λA
TU
σ )(∂τA
VW
κ )
+ 8gǫMPQRS ǫNTUZAXVW,XY
ZAAMNµ A
PQ
ν A
TU
ρ A
VW
λ A
XY
σ ∂τA
RS
κ
− 4
7
g2ǫMPQBC ǫNVWDEXRS,TU
BCXXY,ZA
DEAMNµ A
PQ
ν A
RS
ρ A
TU
λ A
VW
σ A
XY
τ A
ZA
κ
]
.
This Lagrangian is the unique one invariant under the full set of nonabelian vec-
tor/tensor gauge transformations (3.8) and under local supersymmetry transforma-
tions (5.9). Furthermore it possesses the local USp(4) invariance introduced in (4.1),
and is formally invariant under global SL(5) transformations if the embedding ten-
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sor Θ is treated as a spurionic object that simultaneously transforms. With fixed Θ,
the global SL(5) is broken down to the gauge group.
In the limit g → 0 the three-form fields SMµνρ decouple from the Lagrangian,
and (5.16) consistently reduces to the ungauged theory of [5] with global SL(5) sym-
metry. Upon effecting the deformation by switching on g, derivatives are covariantized
∂µ → Dµ and the former abelian field strengths are replaced by the full covariant
combinations H(2) and H(3) from (3.2), (3.4). As discussed in section 4, the extended
gauge invariance (3.8) moreover requires a unique extension of the former abelian topo-
logical term which in particular includes a first order kinetic term for the three-form
fields SMµνρ. As a consequence, the duality equation (5.15) between the two-form and
the three-form tensor fields arises directly as a field equation of this Lagrangian. This
ensures that the total number of degrees of freedom is not altered by switching on the
deformation and does not depend on the explicit form of the embedding tensor.
In order to maintain supersymmetry under the extended transformations (5.9), and
in presence of the deformed Bianchi and Cartan-Maurer equations (3.10), (4.28), the
Lagrangian finally needs to be augmented by the bilinear fermionic mass terms in
order g and a scalar potential in order g2. These are expressed in terms of the scalar
field dependent USp(4)-components B, C of the T -tensor. Cancellation of the terms
in order g2 in particular requires the quadratic identities (4.26), (4.27), expanded in
components in (C.4), (C.5). In particular, these identities give rise to
1
8
Aa,cde2 A2 b,cde − 15Aac1 A1 bc =
1
4
δab
(1
8
Af,cde2 A2 f,cde − 15Acd1 A1 cd
)
, (5.17)
featuring the scalar potential on the r.h.s. and needed for cancellation of the super-
symmetry contributions from the scalar potential. Indeed, the scalar potential which
contributes to the Lagrangian (5.16) in order g2 may be written in the equivalent forms
V = − 1
128
(
15B2 + 2CabCab − 2BabcdBcdab − 2C [ab](cd)C[ab](cd)
)
=
1
8
|A2|2 − 15|A1|2 . (5.18)
Under variation of the scalar fields given by δΣVMab = Σabcd VMcd the potential varies
according to
δΣV = − 1
16
B[ab][cd]B
[cd]
[ef ]Σ
[ef ]
[ab] +
1
32
BB[ab][cd]Σ
[cd]
[ab] − 1
64
C [ab]C[cd]Σ
[cd]
[ab]
+
1
32
C [ab](ef)C[cd]
(ef)Σ[cd][ab] − 1
8
C [ce](af)C
[df ]
(be)Σ
[ab]
[cd] , (5.19)
which in particular yields the contribution of the potential under supersymmetry trans-
formations. Moreover, equation (5.19) is important when analyzing the ground states
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of the theory since δΣV = 0 is a necessary condition for a stationary point of the poten-
tial. The residual supersymmetry of the corresponding solution (assuming maximally
symmetric spacetimes) is parametrized by spinors ǫa satisfying the condition
A2 a,bcd ǫ
a = 0 . (5.20)
The gravitino variation imposes an extra condition
2A1 ab ǫ
b = ±
√
−V/15Ωab ǫb , (5.21)
but the two conditions (5.20) and (5.21) are in fact equivalent by virtue of (5.17).5
The full check of invariance of the Lagrangian (5.16) under the supersymmetry
transformations (5.9) is rather lengthy and makes heavy use of the quadratic con-
straints (2.10) on the embedding tensor and their consequences collected in appendix C
as well as of the properties of the SL(5)/USp(4) coset space discussed in the previous
section. We have given the Lagrangian and transformation rules only up to higher
order fermion terms; however one does not expect any order g corrections to these
higher order fermion terms, i.e. they remain unchanged w.r.t. those of the ungauged
theory.
Let us finally note that the bosonic part of the Lagrangian (5.16) can be cast into
a somewhat simpler form in which the scalar fields parametrize the USp(4)-invariant
symmetric unimodular matrix MMN
MMN ≡ VMabVNcdΩacΩbd , (5.22)
with the inverse MMN = (MMN)−1 = VabMVcdN ΩacΩbd. The bosonic part of the La-
grangian (5.16) can then be expressed exclusively in terms of USp(4)-invariant quanti-
ties and takes the form
e−1Lbosonic = −1
2
R−MMPMNQH(2)MNµν H(2)µν PQ −
1
6
MMNH(3)µνρMH(3)µνρN
+
1
8
(∂µMMN)(∂µMMN) + e−1LVT − g2 V , (5.23)
with the scalar potential
V =
1
64
(
3XMN,R
SXPQ,S
RMMPMNQ −XMP,QNXNR,SMMPRMQS
)
+
1
96
(
XMN,R
SXPQ,T
UMMPMNQMRTMSU +XMP,QNXNR,SMMPQMRS
)
=
1
64
(
2MMNYNPMPQYQM − (MMNYMN)2
)
+ ZMN,PZQR,S
(
MMQMNRMPS −MMQMNPMRS
)
. (5.24)
5More precisely, a solution of (5.20), (5.21) tensored with a Killing spinor of AdS7 (or seven-
dimensional Minkowski space, respectively, depending on the value of V ) solves the Killing spinor
equations δψaµ = 0, δχ
abc = 0 obtained from (5.9).
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This is in analogy to the fact that the gravitational degrees of freedom can be described
alternatively in terms of the vielbein or in terms of the metric. In particular, the scalar
potential here is directly expressed in terms of the embedding tensor (2.2) properly
contracted with the scalar matrixM without having to first pass to the USp(4) tensors
B, C. In concrete examples this may simplify the computation and the analysis of the
scalar potential. Of course, in order to describe the coupling to fermions it is necessary
to reintroduce V, the tensors B, C, and to exhibit the local USp(4) symmetry.
6 Examples
In this section, we will illustrate the general formalism with several examples. In par-
ticular, these include the maximally supersymmetric theories resulting from M-theory
compactification on S4 [6, 12, 13, 14], as well as the (warped) type IIA/IIB compacti-
fications on S3 which so far have only partially been constructed in the literature.
In order to connect to previous results in the literature, we first discuss the possible
gauge fixing of tensor gauge transformations depending on the specific form of the
embedding tensor. In sections 6.2 and 6.3 we consider particular classes of examples
in which the embedding tensor is restricted to components in either the 15 or the 40
representation. Finally, we sketch in section 6.4 a more systematic approach towards
classifying the solutions of the quadratic constraint (2.10) with both YMN and Z
MN,P
nonvanishing. Our findings are collected in Table 3.
6.1 Gauge fixing
We have already noted in section 3 that the extended local gauge transformations (3.8)
allow to eliminate a number of vector and tensor fields depending on the specific form of
the components YMN and Z
MN,P of the embedding tensor. More precisely, s ≡ rankZ
vector fields can be set to zero by means of tensor gauge transformations δΞ of (3.8),
rendering s of the two-forms massive. Here, ZMN,P is understood as a rectangular 10×5
matrix. Furthermore, t ≡ rankY of the two-forms can be set to zero by means of tensor
gauge transformations δΦ. The t three-forms that appear in the Lagrangian (5.16)
then turn into selfdual massive forms. The quadratic constraint (2.11) ensures that
s + t ≤ 5. Before gauge fixing, the degrees of freedom in the Lagrangian (5.16) are
carried by the vector and two-form fields just as in the ungauged theory (Table 1)
while the three-forms appear topologically coupled. After gauge fixing the distribution
of these 100 degrees of freedom is summarized in Table 2. In a particular ground state,
in addition some of the vectors may become massive by a conventional Brout-Englert-
Higgs mechanism.
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fields # # dof
massless vectors 10− s 5
massless 2-forms 5− s− t 10
massive 2-forms s 15
massive sd. 3-forms t 10
Table 2: Distribution of degrees of freedom after gauge fixing.
Let us make this a little more explicit. To this end, we employ for the two-forms
a special basis BM = (Bx, Bα), x = 1, . . . , t; α = t+1, . . . , 5, such that the symmetric
matrix YMN takes block diagonal form, Yxy is invertible (with inverse Y
xy), and all
entries Yxα, Yαβ vanish. For the tensor Z the quadratic constraint (2.10) then implies
that only its components
Zαβ,γ , Zxα,β = Zx(α,β) , (6.1)
are nonvanishing and need to satisfy
Yxy Z
yα,β + 2ǫxMNPQZ
MN,αZPQ,β = 0 . (6.2)
Gauge fixing eliminates the two-forms Bx which explicitly breaks the SL(5) covariance.
Supersymmetry transformations thus need to be amended by a compensating term
δnew(ǫ) = δold(ǫ) + δ(Φxµν). It is convenient to define the modified three-forms
Sxµνρ ≡ g−1Y xyH(3)µνρ y = Sxµνρ + 6g−1Y xyǫyMNPQAMN[µ ∂νAPQρ] + . . . , (6.3)
which are by construction invariant under tensor gauge transformations and will ap-
pear in the Lagrangian as massive fields. Their transformation under local gauge and
supersymmetry is easily deduced from (3.5)
δ(Λ)Sxµνρ = −gYyzΛxySzµνρ − ΛxαH(3)µνρα − 2Y xyZNP,α ǫyNPQR ΛQRH(3)µνρ α ,
δ(ǫ)Sxµνρ = −Vabx(38Ωacǫ¯cΓ[µνψbρ] + 132 ǫ¯eΓµνρχabe)
−3g−1Y xy ǫyNPQRH(2)NP[µν Vab[QVcdR]Ωbd(Ωaeǫ¯eψcρ] + 12 ǫ¯eΓρ]χeac)
−3g−1Y xyD[µ
(
(Ωacǫ¯bΓνψ
c
ρ] − 18ΩacΩbdǫ¯eΓνρ]χcde)Vyab
)
. (6.4)
In the Lagrangian these fields appear with a mass term descending from the kinetic
term of the modified field strength tensor Hµνρ ab = VabαH(3)µνρ α + gYxyVabxSyµνρ and a
first order kinetic term from the Chern-Simons term
LVT = −19gǫµνρλστκYxy SxµνρDλSyστκ + . . . . (6.5)
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The remaining terms in the expansion (6.3) in particular lead to terms A∂A∂A∂A of
order g−1 in the topological term which obstruct a smooth limit back to the ungauged
theory. Indeed these terms have been observed in the original construction of the
SO(p, q) gaugings [6]. Generically the gauge fixing procedure described above leads
to many more interaction terms between vector and tensor fields than those that are
known from the particular case of the SO(p, q) theories.
6.2 Gaugings in the 15 representation:
SO(p, 5−p) and CSO(p, q, 5−p−q)
As a first class of examples let us analyze those gaugings for which the embedding
tensor Θ lives entirely in the 15 representation of SL(5), i.e. ZMN,P = 0, and the gauge
group generators (2.6) take the form
(XMN)P
Q = δQ[M YN ]P . (6.6)
In this case, the quadratic constraint (2.10) is automatically satisfied, thus every sym-
metric matrix YMN defines a viable gauging. Fixing the SL(5) symmetry (and possibly
rescaling the gauge coupling constant), this matrix can be brought into the form
YMN = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . . ,︸ ︷︷ ︸
q
0, . . .︸ ︷︷ ︸
r
) , (6.7)
with p+ q + r = 5. The corresponding gauge group is
G0 = CSO(p, q, r) = SO(p, q)⋉R
(p+q)·r , (6.8)
where the abelian part combines r vectors under SO(p, q). This completely classifies
the gaugings in this sector. The scalar potential (5.24) reduces to
V = 1
64
(
2MMNYNPMPQYQM − (MMNYMN)2
)
. (6.9)
From Table 2 one reads off the spectrum of these theories (s = 0, t = 5 − r): after
gauge fixing it consists of 10 vectors together with r massless two-forms and 5 − r
selfdual massive three-forms. In particular, a nondegenerate YMN (r = 0) corresponds
to the semisimple gauge groups SO(5), SO(4, 1) and SO(3, 2) that have originally been
constructed exclusively in terms of vector and three-form fields [6, 7].
The SO(5) gauged theory has a higher-dimensional interpretation as reduction of
D = 11 supergravity on the sphere S4 [12, 13, 14]. Accordingly, its potential (6.9)
admits a maximally supersymmetric AdS7 ground state. The theories with CSO(p, q, r)
gauge groups are related to the compactifications on the (noncompact) manifolds Hp,q◦
T r [15]. These are the four-dimensional hypersurfaces of R5 defined by
YMN v
MvN = 1 , vM ∈ R5 . (6.10)
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A particularly interesting example is the CSO(4, 0, 1) theory which corresponds to the
S3 compactification of the ten-dimensional type IIA theory. The bosonic part of this
theory has previously been constructed in [9]. In order to derive its scalar potential
from (6.9) it is useful to parametrize the coset representative V as
V = ebmtm V4 eφ t0 , (6.11)
where V4 is an SL(4)/SO(4) matrix and t0, t
m denote the SO(1, 1) and four nilpotent
generators, respectively, in the decomposition SL(5) → SL(4) × SO(1, 1). For the
matrix M this yields a block decomposition into
MMN =
(
e−2φMmn + e
8φ bmbn e
8φ bm
e8φ bn e
8φ
)
(6.12)
with M = V4 V
T
4 . Plugging this into (6.9) with YMN = diag(1, 1, 1, 1, 0) yields the
potential
V = 1
64
e4φ
(
2MmnδnkM
klδlm − (Mmnδmn)2
)
, (6.13)
(where MmkM
kn = δnm) in agreement with [9]. The presence of the dilaton prefactor
e4φ shows that this potential does not admit any stationary points, rather the ground
state of this theory is given by a domain wall solution corresponding to the (warped)
S3 reduction of the type IIA theory [9, 16].
We can finally determine all the stationary points of the scalar potentials (6.9) in
this sector of gaugings. The variation of the potential has been given in (5.19). Since
ZMN,P = 0, the tensors Cab, C [ab](cd) vanish such that requiring δΣV = 0 reduces to
the matrix equation
2B2 − BB = 1
5
Tr(2B2 − BB) I5 , (6.14)
for the traceless symmetric matrix B = B[ab][cd], where I5 denotes the 5×5 unit matrix.
According to (4.23) B is related by
√
2Y = B + B I5 to the matrix Y = Y[ab],[cd].
Fixing the local USp(4)-invariance the matrix B can be brought into diagonal form.
Equation (6.14) then has only three inequivalent solutions
B ∝ diag(0, 0, 0, 0, 0) =⇒ Y = diag(1, 1, 1, 1, 1) ,
B ∝ diag(1, 1, 1, 1,−4) =⇒ Y = 2−1/5 diag(1, 1, 1, 1, 2) ,
B ∝ diag(1, 1, 1,−3/2,−3/2) =⇒ Y = diag(0, 0, 0, 1, 1) . (6.15)
The first two solutions correspond to the SO(5) and the SO(4) invariant stationary
points of the theory with gauge group SO(5) [6, 7]. The third solution is a stationary
point in the CSO(2, 0, 3) gauged theory. We will come back to this in section 6.4 and
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show that it gives rise to a Minkowski vacuum related to a Scherk-Schwarz reduction
from eight dimensions.
Analyzing the remaining supersymmetry of these vacua we note that in this sector
of theories Aab1 ∝ Ωab. According to (5.21) thus supersymmetry is either completely
preserved (N = 4) or completely broken (N = 0). Only the first stationary point
in (6.15) preserves all supersymmetries: this is the maximally supersymmetric AdS7
vacuum mentioned above.
6.3 Gaugings in the 40 representation:
SO(p, 4−p) and CSO(p, q, 4−p−q)
Another sector of gaugings is characterized by restricting the embedding tensor to the
40 representation of SL(5), i.e. setting YMN = 0. These gaugings are parametrized by
a tensor ZMN,P for which the quadratic constraint (2.10) reduces to
ǫMRSTU Z
RS,NZTU,P = 0 . (6.16)
Rather than attempting a complete classification of these theories we will present a
representative class of examples. Specifically, we consider gaugings with the tensor
ZMN,P given by
ZMN,P = v[M wN ]P , (6.17)
in terms of a vector vM and a symmetric matrix wMN = w(MN). This ansatz automat-
ically solves the quadratic constraint (6.16) and thus defines a class of viable gaugings.
The SL(5) symmetry can be used to further bring vM into the form vM = δM5 intro-
ducing the index split M = (i, 5), i = 1, . . . , 4. The remaining SL(4) freedom can be
fixed by diagonalizing the corresponding 4× 4 block wij
wij = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . . ,︸ ︷︷ ︸
q
0, . . .︸ ︷︷ ︸
r
) . (6.18)
For simplicity we restrict to cases with wi5 = w55 = 0. The gauge group generators
then take the form
(Xij)k
l = 2ǫijkmw
ml , (6.19)
and generate the group CSO(p, q, r) with p + q + r = 4. According to Table 2, these
theories contain only vector and two-forms, 4−r of which become massive after gauge
fixing. The scalar potential is obtained from (5.24) and in the parametrization of (6.11)
takes the form
V = 1
4
e14φ bmw
mkMkl w
ln bn +
1
4
e4φ
(
2Mmnw
nkMklw
lm − (Mmnwmn)2
)
. (6.20)
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A particularly interesting case is the theory with r = 0 and compact gauge group
SO(4). The existence of this maximal supergravity in seven dimensions was antici-
pated already in [17] in the context of holography to six-dimensional super Yang-Mills
theory. Indeed, its spectrum should consist of vector and two-form tensor fields only
(cf. Table IV in [18]). Its higher-dimensional origin is a (warped) S3 reduction of type
IIB supergravity. Again, this is consistent with the fact that due to the presence of the
dilaton prefactor the potential (6.20) in this case does not admit any stationary points
but only a domain wall solution. So far, only the N = 2 truncation of this theory had
been constructed [19, 20], in which the scalar manifold truncates to an GL(4)/SO(4)
coset space and only a single (massless) two-form is retained in the spectrum.
In analogy to the discussion of the last section it seems natural that the other
CSO(p, q, r) gaugings in this sector are related to reductions of the type IIB theory
over the noncompact manifolds Hp,q ◦ T r. In particular, the potential (6.20) of the
CSO(2, 0, 2) theory admits a stationary point with vanishing potential. This is related
to the Minkowski vacuum obtained by Scherk-Schwarz reduction from eight dimensions
as we will discuss in the next section.
6.4 Further examples
We will finally indicate a more systematic approach towards classifying the general
gaugings with an embedding tensor combining parts in the 15 and the 40 representa-
tion. To this end, we go to the special basis introduced in section 6.1, in which the
only nonvanishing components of the embedding tensor are given by
Yxy , Z
x(α,β) , Zαβ,γ , (6.21)
with rankY ≡ t, and the range of indices x, y = 1, . . . , t and α, β = t+1, . . . , 5 . Further
fixing (part of) the global SL(5) symmetry, the tensor Yxy can always be brought into
the standard form
Yxy = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . .︸ ︷︷ ︸
q
) . (6.22)
The possible gaugings can then systematically be found by scanning the different values
of t, p, and q, and determining the real solutions of the quadratic constraint (6.2). We
will in the following discuss a (representative rather than complete) number of examples
for the different values of t. A list of our findings is collected in Table 3.
t = 5
From (6.21) one reads off that a nondegenerate matrix YMN implies a vanishing tensor
ZMN,P . Thus we are back to the situation discussed in section 6.2. The possible gauge
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groups are SO(5), SO(4, 1), and SO(3, 2).
t = 4
The quadratic constraint (6.2) implies that also in this case the tensor ZMN,P entirely
vanishes. These gaugings are again completely covered by the discussion of section 6.2,
with possible gauge groups CSO(4, 0, 1), CSO(3, 1, 1), and CSO(2, 2, 1).
t = 3
Now we consider the cases YMN = diag(1, 1,±1, 0, 0). In this case the tensor Z may
have nonvanishing components for which the quadratic constraint (6.2) imposes
ǫxyz Z
yα,γ ǫγδ Z
zδ,β = 1
8
YxuZ
uα,β . (6.23)
For Z = 0, these gaugings have been discussed in section 6.2, with possible gauge
groups CSO(3, 0, 2) and CSO(2, 1, 2). There, gauge group generators take the form
LM
N =
(
λz(tz)x
y Qxα
02×3 02×2
)
, λz ∈ R , Qxα ∈ R , (6.24)
where (tz)x
y = ǫzyuYux denote the generators of the adjoint representation of the
semisimple part so(p, 3−p) and the Qxα parametrize the 6 nilpotent generators trans-
forming as a couple of 3 vectors under so(p, 3−p). The components Zαβ,γ are not
constrained by (6.23) and may be set to arbitrary values Zαβ,γ = ǫαβvγ parametrized
by a two-component vector vα without altering the form (6.24) of the gauge group.
For the remaining components Zxα,β, equation (6.23) shows that the 2 × 2 matrices
(Σx)α
β ≡ −16ǫαγZxγ,β satisfy the algebra
[Σx,Σy] = 2ǫxyuYuz Σ
z , (6.25)
i.e. yield a representation of the algebra so(3) or so(2, 1), respectively, depending on
the signature of Yuz. A real nonvanishing solution of (6.23) thus can only exist in the
so(2, 1) sector, i.e. for YMN = diag(1, 1,−1, 0, 0). It is given by Zxα,β = − 116 ǫαγ (Σx)γβ
with the Σx expressed in terms of the Pauli matrices as
Σ1 = σ1 , Σ
2 = σ3 , Σ
3 = iσ2 , (6.26)
and providing a real representation of so(2, 1). In this case, the gauge group generators
schematically take the form
LM
N =
(
λz(tz)x
y Q
(4)
xα
02×3
1
2
λz (Σz)α
β
)
, (6.27)
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such that the semisimple part so(2, 1) is embedded into the diagonal. The nilpotent
generators Qxα now transform in the tensor product 3 ⊗ 2 = 2 + 4 of so(2, 1) and
moreover turn out to be projected onto the irreducible 4 representation. Compared
to (6.24), the gauge group thus shrinks to
so(2, 1)⋉R4 . (6.28)
Again, further switching on Zαβ,γ does not change the form of the algebra. None of
the theories in this sector possesses a stationary point in its scalar potential.
t = 2
In the case YMN = (1,±1, 0, 0, 0) only the Zαβ,γ components are allowed to be nonzero
in order to fulfill the quadratic constraint (6.2). These components can be parametrized
by a traceless matrix Zα
β as
Zαβ,γ = 1
8
ǫαβδZδ
β . (6.29)
For this solution the gauge generators take the form
LM
N =
(
λ t2x
y Qx
α
03×2 λZα
β
)
, λ ∈ R , Qxα ∈ R , (6.30)
where t2 =
(
0 1
∓1 0
)
denotes a generator of so(2) or so(1, 1), respectively, and Qx
α
parametrizes a generically unconstrained block of six translations. Thus, generically
the gauge group G0 in this case is seven-dimensional, namely either G0 = SO(2)⋉ R
6
or G0 = SO(1, 1)⋉R
6. The number of independent translations is reduced in case the
equation
t2Q−QZ = 0 , (6.31)
has nontrivial solutions Q. In this case, the gauge group shrinks to G0 = SO(2)⋉R
s or
G0 = SO(1, 1)⋉R
s, with s = 4, 5. The scalar potential in this sector can be computed
from (5.24) and takes the form
V = 1
64
(
2Tr [Yˆ 2]− (Tr Yˆ )2 + 2 (detMαβ) Tr [Zˆ2]
)
, (6.32)
in terms of the matrices Yˆx
y = YxzMzy and Zˆαβ = Z(αγMδ)γMδβ. Here, Mxy and
Mαβ denote the diagonal blocks of the symmetric unimodular matrix defined in (5.22),
andMαγMγβ = δβα. Since the matrix Yˆxy has only two nonvanishing eigenvalues, this
potential is positive definite. In particular, this implies that V = 0 is a sufficient
condition for a stationary point. It further follows from (6.32) that V only vanishes for
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Yˆx
y ∝ δxy and Z(αγMδ)γ = 0, i.e. for compact choice of t2 and Z. With vanishing Z or
vanishing t2 one recovers the Minkowski vacua in the CSO(2, 0, 3) and the CSO(2, 0, 2)
theory, respectively, discussed in sections 6.2 and 6.3 above.
In turn, every compact choice of t2 and Z defines a theory with a Minkowski vacuum
in the potential. The gravitino masses and thereby the remaining supersymmetries at
this ground state are determined from the eigenvalues of A1 ab (5.21) according to
m2± =
1
1600
(
1±
√
−1
2
TrZ2
)2
. (6.33)
Half of the supersymmetry (N = 2) is thus preserved iff TrZ2 = −2. With (6.31) one
finds that precisely at this value the rank of the gauge group decreases from 7 down
to 5; the group then is CSO(2, 0, 2).
All the gaugings in this sector have a well defined higher-dimensional origin, namely
they descend by Scherk-Schwarz reduction [21] from the maximal theory in eight
dimensions. Indeed, Scherk-Schwarz reduction singles out one generator from the
SL(2) × SL(3) global symmetry group of the eight-dimensional theory [22]. With the
seven-dimensional embedding tensor branching as
Y : 15 → (3, 1) + (2, 3) + (1, 6) ,
Z : 40 → (1, 3) + (1, 8) + (2, 1) + (2, 3) + (2, 6) + (3, 3) , (6.34)
a Scherk-Schwarz gauging corresponds to switching on components (3, 1)+(1, 8) in the
adjoint representation of SL(2)×SL(3). This precisely amounts to the parametrization
in terms of matrices Yxy, Zα
β introduced above. We have seen that for compact choice
of t2 and Z, the potential (6.32) admits a Minkowski ground state as expected from the
Scherk-Schwarz origin. Moreover, we have shown that for a particular ratio between
the norms of t2 and Z, this ground state preserves 1/2 of the supersymmetries.
t = 1, 0
As t becomes smaller, the consequences of the quadratic constraint (6.2) become more
involved. We refrain from attempting a complete classification in this sector and refer
to the examples that we have discussed in sections 6.2 and 6.3 above.
7 Conclusions
In this paper we have presented the possible deformations of maximal seven-dimensional
supergravity. They are described by a universal Lagrangian (5.16) that combines vec-
tor, two-form and three-form tensor fields transforming in the 10, 5, and 5 represen-
tation of SL(5), respectively. The Lagrangian is invariant under an extended set of
nonabelian gauge transformations as well as under maximal supersymmetry.
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t YMN Z
αβ,γ Zxα,β gauge group stat. point susy
5 (+++++) SO(5) × ,× 4 , 0
5 (++++−) SO(4, 1) −
5 (+++−−) SO(3, 2) −
4 (++++ 0) CSO(4, 0, 1) −
4 (+++− 0) CSO(3, 1, 1) −
4 (++−− 0) CSO(2, 2, 1) −
3 (+++0 0) ǫαβvγ CSO(3, 0, 2) −
3 (++− 0 0) ǫαβvγ CSO(2, 1, 2) −
3 (++− 0 0) ǫαβvγ 1
16
ǫγα(Σx)γ
β SO(2, 1)⋉R4 −
2 (++ 0 0 0) 1
8
ǫαβδZδ
γ SO(2)⋉Rs × 2→ 0
2 (+− 0 0 0) 1
8
ǫαβδZδ
γ SO(1, 1)⋉Rs −
1 (+ 0 0 0 0) CSO(1, 0, 4) −
0 (0 0 0 0 0) v[αwβ]γ SO(p, 4−p) −
0 (0 0 0 0 0) v[αwβ]γ
CSO(p, q, r)
(p+q+r = 4)
×
(p=2=r)
0
Table 3: Examples for gaugings of D = 7 maximal supergravity.
The gaugings are entirely parametrized in terms of an embedding tensor Θ which
describes the embedding of the gauge group G0 into SL(5). At the same time, its
irreducible components in the 40 and 15 representation of SL(5) induce Stu¨ckelberg
type couplings between two-form fields and the vector fields and between the three-
form and the two-form fields, respectively. Altogether this gives rise to an extended
vector/tensor system subject to a set of nonabelian gauge transformations (3.8) which
ensures that the total number of degrees of freedom is independent of the specific form
of the embedding tensor as required by supersymmetry. Upon choosing a specific Θ
and possibly fixing part of the tensor gauge symmetry, the degrees of freedom are
properly distributed among the different forms. This universal formulation thus ac-
commodates theories with seemingly rather different field content. This completes the
seven-dimensional picture which neatly fits the pattern realized in other space-time
dimensions [1, 2, 3, 4].
As particular examples we have recovered in this framework the known seven-
dimensional gaugings as well as a number of new examples. Some of these theories
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have a definite higher-dimensional origin, such as the Scherk-Schwarz and sphere com-
pactifications. In eight space-time dimensions, the possible compactifications ofD = 11
supergravity on three-manifolds have been analyzed in [23] and matched with the corre-
sponding gauged supergravities. It would be very interesting to extend this analysis to
the seven-dimensional case, in particular providing a higher-dimensional origin for all
the theories collected in Table 3. More ambitiously, one may aim at understanding the
role of the full embedding tensor Θ which parametrizes the different seven-dimensional
gaugings directly in the eleven-dimensional theory. For the four-dimensional gaugings
in which Θ generically transforms in the 912 representation of the duality group E7(7)
this has been achieved in a few sectors [24, 25] where particular components of Θ have
been identified with internal fluxes and twists. Extending this correspondence to the
full representation of the embedding tensor might in particular elucidate the possible
role of the duality groups Ed(d) in eleven dimensions.
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Appendix
A General vector/tensor gauge transformations
In this appendix we briefly summarize the results of [4] on the general form of vec-
tor/tensor gauge transformations in arbitrary space-time dimensions and translate
them into a more convenient basis. Generically vector fields and two-form tensor
fields transform in different representations of the symmetry group G of the ungauged
theory. In this appendix, we label the vector representation Aµ
Mˆ by indices Mˆ, Nˆ , . . . ,
the tensor representation Bµν I by indices I, J, . . . , and the adjoint representation of
G by indices α, β, . . . . In particular, the embedding tensor (2.2) characterizing the
gauging in general has the index structure ΘMˆ
α.
The two-form tensor fields Bµν I generically transform in an irreducible component
of the symmetric tensor product of two vector representations with an explicit relation
X(MˆNˆ)
Pˆ = dI,MˆNˆ Z
Pˆ ,I . (A.1)
Here, XMˆNˆ
Pˆ ≡ ΘMˆα tα Nˆ Pˆ generalizes (2.2) with the g = LieG generators tα, and
encodes the “structure constants” of the gauged theory while dI,MˆNˆ is a G-invariant
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tensor projecting the symmetric vector product onto the tensor field representation.
The tensor ZMˆ,I represents a component of the embedding tensor and equation (A.1)
can be taken as its definition. In seven dimensions, this equation takes the specific
form (2.7) discussed in the main text, with the d-symbol provided by the ǫ-tensor. The
three-form fields generically appear with index structure Sµνρ I
Mˆ , i.e. they take values
in the tensor product of vector and two-form tensor representations. More specifically,
they appear under projection YI,Mˆ
J SJ
Mˆ with the tensor
YI,Mˆ
J ≡ XMˆIJ + 2 dI,MˆNˆ ZNˆ,J . (A.2)
In the maximal seven-dimensional theory, with vector fields transforming in the 10 and
two-form tensors in the 5, equation (2.8) states that the tensor YI,Mˆ
J reduces to
YK,[MN ]
L = δL[M YN ]K , (A.3)
in terms of the component YMN of the embedding tensor (2.5). This implies that the
three-form tensors SµνρL
MN always appear projected according to YK,[MN ]
L SL
MN =
YNK SM
MN ≡ YNK SN and reflects the fact that the three-form fields in seven dimen-
sions transform in the representation 5 dual to the two-form tensor fields.
Generic vector and tensor gauge transformations are most conveniently described
in terms of the “covariant variations” introduced in (3.7) in the main text
∆Aµ
Mˆ ≡ δAµMˆ ,
∆Bµν I ≡ δBµν I − 2 dI,Pˆ QˆA[µPˆ δAν]Qˆ ,
∆Sµνρ I
Mˆ ≡ δSµνρ IMˆ − 3B[µν I δAρ]Mˆ − 2dI,Pˆ QˆA[µMˆAν Pˆ δAρ]Qˆ , (A.4)
and given by
∆Aµ
Mˆ = DµΛ
Mˆ − g ZMˆ,I Ξµ I ,
∆Bµν I = 2D[µΞν]I − 2dI,Pˆ Qˆ ΛPˆ H(2)µν Qˆ − g YI,Mˆ J Φµν JMˆ ,
∆Sµνρ I
Mˆ = 3D[µΦνρ] I
Mˆ + 3H(2)[µνMˆ Ξρ]I + ΛMˆ H(3)µνρ I , (A.5)
with gauge parameters ΛMˆ , ΞµI , Φµν I
Mˆ , and the covariant field strengths
H(2)µν Mˆ = 2 ∂[µAν]Mˆ + g X[NˆPˆ ]Mˆ AµNˆAν Pˆ + g ZMˆ,I Bµν I ,
H(3)µνρ I ≡ 3D[µBνρ] I + 6 dI,MˆNˆ A[µMˆ(∂νAρ]Nˆ + 13gX[Pˆ Qˆ]NˆAνPˆAρ]Qˆ)
+ g YI,Mˆ
J Sµνρ J
Mˆ , (A.6)
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The formulas of [4] are recovered from (A.4), (A.5) by modifying the gauge parameters
Ξµ I , Φµν I
Mˆ according to
Ξµ I → Ξµ I − dI,Pˆ Qˆ ΛPˆ AµQˆ ,
Φµν I
Mˆ → Φµν IMˆ + A[µMˆ Ξν]I + ΛMˆ Bµν I − 13 dI,Pˆ Qˆ ΛPˆ A[µMˆAν]Qˆ . (A.7)
The covariant variations (A.4) appear naturally in the variation of the covariant field
strengths (A.6) as
δH(2)µν Mˆ = 2D[µ (∆Aν]Mˆ) + g ZMˆ,I ∆Bµν I ,
δH(3)µνρ I = 3D[µ(∆Bνρ] I) + 6 dI,MˆNˆ H(2)[µνMˆ ∆Aρ]Nˆ + g YIMˆJ ∆Sµνρ JMˆ . (A.8)
Similarly, we have shown in the main text that the variation of the topological term (3.16)
also comes in terms of the covariant transformations (A.4). The advantage of formu-
lating the gauge transformations (A.5) in the new basis thus is that they keep the
variation of the Lagrangian manifestly covariant.
B USp(4) invariant tensors
We label the fundamental representation of USp(4) by indices a, b, . . . running from 1
to 4. The lowest bosonic representations of USp(4) have been collected in (4.3) built
in terms of the fundamental representation. In particular, the 5 representation is given
by an antisymmetric symplectic traceless tensor V5
[ab], objects in the 10 are described
by a symmetric tensor V10
(ab), etc.
In this appendix we introduce a number of USp(4) invariant tensor which explicitly
describe the projection of USp(4) tensor products onto their irreducible components
and derive some relations between them. All of these tensors are constructed from the
invariant symplectic form Ωab and the relations that they satisfy can be straightfor-
wardly derived form the properties of Ωab. We have used these tensors extensively in
the course of our calculations, while the final results in the main text are formulated
explicitly in terms of Ωab.
On the 5 and 10 representation of USp(4) there are nondegenerate symmetric forms
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given by
δ[ab][cd] = −Ωa[cΩd]b − 1
4
ΩabΩcd ,
δ[ab][cd] =
(
δ[ab][cd]
)∗
= −Ωa[cΩd]b − 1
4
ΩabΩcd ,
δ
[ab]
[cd] = δ
[a
[c δ
b]
d] −
1
4
ΩcdΩ
ab = δabcd −
1
4
ΩcdΩ
ab ,
δ(ab)(cd) =
(
δ(ab)(cd)
)∗
= −Ωa(cΩd)b ,
δ(ab)(cd) = −Ωa(cΩd)b ,
δ
(ab)
(cd) = δ
(a
(c δ
b)
d) . (B.1)
Note that δ[ab][cd] is the inverse of δ[ab][cd], i.e.
δ[ab][cd]δ
[cd][ef ] = δ
[ef ]
[ab] , (B.2)
and the same is true for δ(ab)(cd) and δ(ab)(cd). Furthermore we have
Ωabδ[ac][bd] =
5
4
Ωcd , δ
[bc]
[ac] =
5
4
δba , δ
[ab]
[ab] = 5 ,
Ωabδ(ac)(bd) =
5
2
Ωcd , δ
(bc)
(ac) =
5
2
δba , δ
(ab)
(ab) = 10 . (B.3)
We use the index pairs (ab) and [ab] as composite indices for the 5 and 10 representa-
tion; they are raised and lowered using the above metrics and when having several of
them we use the usual bracket notation for symmetrization and anti-symmetrization.
The following tensors represent some projections onto the irreducible components
of particular USp(4) representations:
τ(ab)(cd)(ef) = Ω(e(aΩb)(cΩd)f) , [(10⊗ 10)asymm. 7→ 10] ,
τ(ab)[cd][ef ] = Ω(a[cΩd][eΩf ]b) , [(5⊗ 5)asymm. 7→ 10] ,
τ[ab](cd)(ef) = Ω[a(cΩd)(eΩf)b] − 1
4
Ωabδ(cd)(ef) , [(10⊗ 10)symm. 7→ 5] ,
τ(ab)[cd][ef ][gh] = τˆ(ab) [[cd][ef ][gh]] , [(5⊗ 5⊗ 5)asymm. 7→ 10] , (B.4)
where
τˆ(ab)[cd][ef ][gh] = Ω(a[cΩd][eΩf ][gΩh]b) +
1
4
τ(ab)[cd][ef ]Ωgh . (B.5)
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The contractions of these τ -tensors with Ω yield
Ωdfτ(ab)(cd)(ef) = −3
2
δ(ab)(ce) ,
Ωdfτ(ab)[cd][ef ] =
1
2
δ(ab)(ce) , Ω
bdτ(ab)[cd][ef ] = −δ[ac][ef ] ,
Ωdf τ[ab](cd)(ef) = −3
2
δ[ab][ce] , Ω
bdτ[ab](cd)(ef) =
3
4
δ(ac)(ef) ,
Ωfhτ(ab)[cd][ef ][gh] =
1
2
τ[cd](ab)(ef) , Ω
bdτ(ab)[cd][ef ][gh] = −3
4
τ(ac)[ef ][gh] ,
ΩdgΩfhτ(ab)[cd][ef ][gh] =
3
8
δ(ab)(ce) . (B.6)
Note that τ(ab)(cd)(ef) is totally antisymmetric in the three index pairs. Since the 10
is the adjoint representation, the structure constants of USp(4) are τ(ab)(cd)
(ef). The
USp(4) generators in the 5 representation are τ(ab)[cd]
[ef ] and satisfy the algebra
τ(ab)[ef ]
[gh]τ(cd)[gh]
[ij] − τ(cd)[ef ][gh]τ(ab)[gh][ij] = τ(ab)(cd)(gh)τ(gh)[ef ][ij] . (B.7)
As defined above, τ(ab)[cd][ef ] describes the mapping (5⊗ 5)asymm. 7→ 10. However since
(5⊗ 5)asymm. = 10 this must be a bijection. Indeed one finds
x(ab) =
√
2 τ(ab)
[cd][ef ] x[cd][ef ] = Ω
cd x[ac][bd] ⇔ x[cd][ef ] =
√
2 τ (ab)[cd][ef ] x(ab) , (B.8)
for tensors x(ab) and x[ac][bd] = −x[bd][ac]. When regarding (5 ⊗ 5)asymm. as the adjoint
representation of SO(5), formula (B.8) describes the isomorphism between the algebras
of USp(4) and SO(5). Some other useful relations in this context are
τ(ab)[cd][ef ] τ
(ab)
[gh][ij] =
1
2
δ[cd] [[gh]δ[ij]] [ef ] , Ω
bd δ[ef ] [[ab]δ
[gh]
[cd]] = τ(ac)[ef ]
[gh] . (B.9)
The last equation states that under the bijection (B.8) the generators of the SO(5)
vector representation6 yield τ(ab)[cd]
[ef ].
Also the five-dimensional ǫ-tensor can be expressed in terms of Ωab. A useful relation
is
ǫ[ab][cd][ef ][gh][ij]x[cd][ef ]y[gh][ij] = 4τ
[ab](cd)(ef)x(cd)y(ef) , (B.10)
where x and y in the (5⊗ 5)asymm. = 10 representation are related by (B.8).
There is no singlet in the product of three SO(5) vectors and thus no invariant
tensor of the form τ[ab][cd][ef ]. This gives rise to the identity
0 = δ
[a
[cΩd][eδ
b]
f ] − traces
= δ
[a
[cΩd][eδ
b]
f ] +
1
4
Ωabη[cd][ef ] +
1
4
Ωcdδ
[ab]
[ef ] +
1
4
Ωefδ
[ab]
[cd] +
1
16
ΩijΩklΩmn . (B.11)
6When denoting SO(5) vector indices by M , N , . . . , the SO(5) generators in the vector represen-
tation are given by tMN,P
Q = δ
P [Mδ
Q
N ].
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Using this equation one finds
Ωcdλc[aµb]d = −1
4
Ωabη
[cd][ef ]λ[cd]µ[ef ] , Ω
cdλ[ac]λ[bd] =
1
4
Ωabη
[cd][ef ]λ[cd]λ[ef ] , (B.12)
for tensors λ[ab], µ[ab] in the 5 representation.
C T -tensor and quadratic constraints
In terms of the tensors (B.4) defined in the previous section the decomposition of the
T -tensor into its USp(4) irreducible components can be stated in the systematic form
T(ab)[cd]
[ef ] =
√
2 ΩghX[ag][bh][cd]
[ef ]
= −Bτ(ab)[cd] [ef ] −B[gh][cd]τ(ab)[gh][ef ] + C [gh]τ(ab)[gh][cd][ef ] + C [ef ](gh)τ[cd](ab)(gh) ,
(C.1)
from which (4.21) is recovered with the explicit definitions of (B.4). Similarly, the
variation of the scalar potential under δΣVMab = Σabcd VMcd takes the more concise
form
δΣV = −g
2
16
B[ab][cd]B
[cd]
[ef ]Σ
[ef ]
[ab] +
g2
32
BB[ab][cd]Σ
[cd]
[ab] − g
2
64
C [ab]C[cd]Σ
[cd]
[ab]
+
g2
16
C [ab](ef)C[cd]
(ef)Σ[cd][ab] +
g2
8
τ (ab)[ef ][ij]τ
(cd)
[gh][kl]C
[gh]
(ab)C
[ef ](cd)Σ[ij][kl] , (C.2)
from which (5.19) is deduced.
The quadratic constraint (2.10) on the components YMN and Z
MN,P of the em-
bedding tensor Θ translates under the USp(4) split into quadratic constraints on the
components B, Babcd, C
ab and Cabcd of the T -tensor. These constraints prove essential
when checking the algebra of the supersymmetry transformation (5.9) and the invari-
ance of the Lagrangian (5.16) under these transformations. According to (2.13) the
quadratic constraint on Θ decomposes into a 5, a 45 and a 70 under SL(5) which
under USp(4) branch as
5 → 5 , 45 → 10⊕ 35 , 70 → 5⊕ 30⊕ 35 , (C.3)
In closed form, these constraints have been given in (4.27). The check of supersymmetry
of the Lagrangian however needs the explicit expansion of these equations in terms of
B and C. The two 5 parts and the 10 part read
4BC [ab] −B[ab][cd]C [cd] − 4B[ij][cd]C [cd](gh)τ (gh)[ab][ij] = 0 ,
BB[ab] +B[ab][cd]C
[cd] + τ [ab](cd)(ef)C [gh](cd)C[gh](ef) = 0 ,
τ[cd]
(ab)(gh)B[cd][ef ]C
[ef ]
(gh) = 0 , (C.4)
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respectively. In particular, a proper linear combination of the first two equations yields
the quadratic relation (5.17) cited in the main text. The two 35 parts of the quadratic
constraint are
τ(cd)
[ab][ef ]BC[ef ] +BC
[ab]
(cd) + τ(cd)
[ef ][gh]B[ab][ef ]C[gh] +B
[ab]
[ef ]C
[ef ]
(gh) = 0 ,
P35
(
BC [ab](cd) − 4τ (ef)[gh][ab]τ(cd)[ij][kl]C [ij](ef)B[kl][gh]
−3τ[ef ](cd)(gh)C [ef ]C [ab](gh) + 4τ (ef)[ab][gh]τ[ij](cd)(kl)C [ij](ef)C [gh](kl)
)
= 0 , (C.5)
where the projector P35 is defined by
P35
(
X [ab](cd)
)
=
(
δ
[ab]
[ef ]δ
(gh)
(cd) − τ(cd)[ab][ij]τ (gh)[ef ][ij] −
4
3
τ [ab](cd)(ij)τ[ef ]
(gh)(ij)
)
X [ef ](gh) .
(C.6)
Note that also the first equation of (C.5) has to be projected with P35 in order to
reduce it to a single irreducible part. However this equation is satisfied also without the
projection, since it contains the above 10 and one of the 5 constraints as well.7 Finally
the 30 component of the quadratic constraint is obtained by completely symmetrizing
(4.27) in the three free index pairs, i.e.
Z(gh)([ab]T(gh)
[cd][ef ]) = 0 . (C.7)
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